2 AR EK-5

3 XA
wulisu@sdust.edu.cn

2025 9 A 23 H



1. #E[%89 5 3L
2. ATk FE £
3. B[R0 2 B

4. JEIF 0915 H



& X (#£% Matrix)

Womxn AR ay, (i=1,---,mji=1--,n), HRN m AT n 7|
BIEEARA m 4T n PVG94ETE, AR mx n 4E[E, KT A

ailr a2 a1n ail  a12 A1n

ag1  G22 a2n, 5 as1  a22 Aon,
9

Aml Am2 * G, Aml Am2 *° Gmn

3@%’7’]—767,7 kg?‘&éﬁ A\ Amxn\ (afij)\ (az'j)mxn-

1/38



3% fiR 4B [E——4 AN A

-

o —/NEM (mx n) TAMAA 1 AFEE, mn ANE, n ANF A om

AT

(o o | Tt —

= e 0| = = .

KX ! || —g

(1 4] 14 (1 4

A =|25|=|25|=|25

3 6. 36 13 6

VAT 6k 3T R I ITE

B MA A B 32 AR 4E %

2/38



—

o FAEM, HAEME. 0-1 4EM: ay BFH. B3 0 R 1 49414,

1 1 ’
_ (3 2 _(r 1 _ (V1!
U S e B )

3/38



—

o KM, HAEME, 0-1 M a5 BRER. B2 0 R 1 894E%

1 1 .
i=(12) (G ()

o KIEIHF: ay=0,Vi,j, THEEARNIERE, LA O.

0 0 000
02><2: (O O)) 02X3: (0 0 O)

3/38



o T4 (Tm&) : m=1, FRA—ITH4E,
A = (al CIQ PR an)
MR A B RA, AT AL N

A: (a/17a,2’... ’an)

4/38



o fT4EIE (ATRME) @ m=1, BPRA —ATH4E4,
A:(a1 a --- an)
AR G RA, ATHEEAITH
A=(ay, a9, ,ay).
o FI4EME (FlMm=) : n=1, B AH —F| 69 4E 1%,
a1
A=|®
U

y‘];h\'l:j’ﬁ/fi, }1]435}%%‘1%’}3 A: (0,1,0/2,"‘ 7a'n)T- 4/38



CE—

oA
LEFE 1

7 %, M

M7

LA JB) 89 4B [, ARk

}k

oo EP’ﬁ'%kg(%ﬁf’]ﬂ

—

m=

3
air a2 a1
3
o1 G922 a23
_ .

An. e azy as2

5/38



o L (TF) =A%,
a;=0,i>j, RPENAXTHLEELARG T, ARH L= A%
M. o) iEit, IFRAATRENAE I AKX LT,

ailr a2 - Aip
ago -+ A2p

Ay =
ann

6/38



o £ (TF) =A%
a;=0,i>j BRENART HAAETLARYG T E, A L=FA%E
M. &) &3, FRARTREALEEN ALK LT

air a2 -+ Qin
a2 -+ Q2p

Ay = .
afnn

a;=0,i<j, BREM AR LT AELARGTE, AT =A%
M, ey iEit, ERARTRENLEINFAXT 7.
a

Qg1 Q22

At =

Qpl Qp2 -+ Qpp

6/38



o Xt A 4E 4.

7 3 % ‘E

i N ‘X
3 G TE AR B T M, AR A3t A4
T /\ ‘Z?\
%ééi ]‘é‘m,\l
] ]T./EX Z
j 0727&% EP )\1
| )\2
F .

i )\la)\27'
F$—U]—féjia7h N = dlag(
xt A

7/38



o X A 4EME
ay; = 0,1 # j, BPIRAT A KING T & &R KT %, AR A5 A 42 %

A
A2

An

st AT H LA A = diag(A, Ao, -+, A).

o HAi4E[%.
1

1
F—

- 1
BRat A LA 1 69T A, Mk RiilE. LA E, X E.
7/38



o XHARSE %,
a; = aj, Vi, j, BPiG A X A AT AR F AT 69 7 %, AR AR,

apy a2 - QA

aig Qg2 --- Q2
Aspir = . .

Aip A2p " App

8/38



o STARFE[%E.
a; = aj;, Vi, j, BPG & A EIT AR F A F 09 7 %, AR A AR IE

ailr Gi2 -+ Qip

ai2 Qg -+ Qgp
Axﬁ,’p = . .

Aip A2p - Qpp

o R ATAR4E[%.
B AR,

0 aip - Qg
—a19 O cee Qap
Agsti =
—ai, —a, -+ 0

8/38



1T B A% 7t 42 [

o fTWr#hFS4E %
o TEH —FMMH&, KO THZ4LRO0;
o HNEWMRAH—IT;
o MHEMEERERAIERTHE —ANIEETE.

9/38



1T B A% 7t 42 [

.

o fTMr A S 4E %
o TEH—FMMHE, BN THELRO0;
o HNEWMRAH—IT;
o M ERWBEEREmAIERITHE —NIERTE.

11 2 2 -3

012 -1 0 —4

00 0,3 1

00 0 0 O

o R : | |

1122 -3 1122 -3
0000 0 0001 —4
0003 1 0003 1
0000 0 0000 0

9/38



TR B M. AEFIEE

o fT 3K I S4B %
o T ;
o FERITHHEANERTHI
o EEIFTAEM T AT AR 0.

————————

10/38



TR B M. AEFIEE

o T M AI4E%E:
o FMHF
o IERFWHAHANERAAL
o XEIFTAEF| AT EAA 0.

————————

o AREMSE %
E. O E,
= (O O)mxnj(o)mxnj(E” O)mxn’En'

10/38



TR B M. AEFIEE

o AT ) S 4E %
o fTM#EAS
o IERTANIEERTAL
o XEIFTAMI LT EARN O.

————————

o AR/EMS4E

E. O En

o MMM D TR K AEE D AR 4EE. 10/38



FE %00 )2 1 —FE %A 25 P2 75 AZ 20

9] (b 7 A2 48,60 45 T )
m AT AE n AR I BRI TALNA

(
ainT + a1229 + e+ A1ndy = b1

1T + Qoo + - -+ + ATy = b2

L Am1T1 + QT2 + -+ ATy = bm

4B % & T

ailr a2 - Qi Z1 b1
a1 Gy -+ Qog T2 by

Aml Gm2 *° App T bm 11/38



P

4ol by
A=(ay), X=|"7|, p= ?
Z, b.m
CYRGP! ay by
B— (A 5) _ a1 22 a2n 5:2
1l Gm2 ** Qgp b

N &k AL (1) R9EEERTE A AX = 5.

12/38



P

4ol by
A=(ay), X=|"7|, p= ?
Z, b.m
CYRGP! ay by
B— (A 5) _ a1 22 a2n 17:2
1l Gm2 ** Qgp b

N &k AL (1) R9EEERTE A AX = 5.
o A Ay Bobk Fr AL IR B A SE 1%,

12/38



P

1 by
A=(a), X=|7|. 5= b;2
5 by
CYRGP! ay by
B— (A 5) _ a1 22 a2n 17:2
1l Gm2 ** Qgp b

N &k AL (1) R9EEERTE A AX = 5.
o A R BTk AT B RSB %
o BARK N AL IE S 4E I

12/38



P

4ol by
A=(a), X=|7|. 5= éQ
Z, b.m
CYRGP! ay by
B— (A 5) _ a1 22 a2n 5:2
1l Gm2 ** Qgp b

N &M A248 (1) B94EM R T T AR AX = .
0 AAMARMETALEE R FIE[E:
o BARN AN HALLGYIE ) FEF,
o X Ao B HHIAR A Bobk 77 AZ 400G K Sz 4B [ Fo 5 BN JE %
12/38



5B [ 04 7 F|—4E [ Fa 2% T 32

7] (&M T BefasE %)
g —NMnhEmE X= (1,2, - ,1,)7, REBE T #4TF,

4
1= 01171+ a9 + -+ - + a1,
Yo = Q2171 + Qo202 + - - - + A2,T
\ (2)
 Yn —  QAn1l1 + Ap2T2 + -0 T+ Appp.

MAFE n @ =E V= (y1, %2, ,Un) . 2% A= (ay)uxn B =LA
KMHT %k, WH

Y=AX

13/38



5B [ 04 7 F|—4E [ Fa 2% T 32

7] (&M T BefasE %)
g —NMnhEmE X= (1,2, - ,1,)7, REBE T #4TF,

4

1= 01171 + a1 + -+ - + a1,
! Yo = Q2171 + Qo202 + - - - + A2,y
 Yn —  QAn1l1 + Ap2T2 + -0 T+ Appp.

(2)

MR n @ =E V= (y1, 02, ,Un) . 2% A= (ay)uxn B =LA

BT, WA
Y= AX.

o KWL BAr n T IHF——3F R,
o & A= (Clij)mxn, DJ'J Y=AX ﬁ:ﬁéi‘fiﬂyi%(%qu:ﬁ])

13/38




@%\ %%, weEE, R4t

o XAME

Y=AX.

()\1 ) OzOéT _ 1 ( 1(2) xoyo) ]
)7 a2 2+ @ \mw %)

cosf) —sind v (1—28 —2zu
(sin@ cos 6 ) , E—2007 = <—2x0y0 1— 23
W A5 AP e T4, E o= (19, 0)] TR LGB BEHE, £

B4t s 0 B T, X TR E a = (1, ) AFH
= 09-F @ a9 RS .

A A

14/38



5B [% 09 2 | —4E %=

5] (B &9 X ERFET%)
o B (Graph).
L)L M v, v ZRR A
v 0, ,.5\ Vg, Uj —ZIET] iﬂﬂ
’Ul‘ U3
0110
1010
1101
0010 l
Vo Ug




! ‘)
/f']

h).
p

d Gra
(Weighte

&3

7 AL

o

0
w13 0
O 1182 Wo3 s
¥ 0
2
wiB UgB "
w
0

w13
(%] ~
W3
w12
(%)

U3

W34

Uy

16/38



] (B 6948 % & )
o A ® A (Direct Graph).

o O OO
SO O =
SO = =
o~ O O

(4]

(%)

U3

Uy



] (B 8942 1% & )
o A e A B (Direct Weighted Graph).

N :wli U3
0 wip wz 0
0 O Was 0
0 O 0 w3 W12 - W3y
0O 0 0 O

() U4

18/38



46 04 [ 46 [ Fe 5 B4R

1] (35 BAR 8 75 Ao kb 72)

o HFHMRAFHMNFCTIRE TARLAEFEGT X A4 2T
a9

Qwﬁ,f%mmﬂmo%%%@%Eﬁﬁm#&%féwmmdmo%
4B 5

o ZAEPIRAGIEIERY ay BAEA 0 A= 1;
0 REBIBGIIEIEE a; BAENR 0 — 255(BF —F T 8 {2 =it Hl$ a9 M),
o HERBMIEIELY a; BIAH—AZREHE (R, G, B).
o I A% 69 &b 3F Fo G A5 5 R AT 4B 569 AL 2L
o HAEAEA—MA: AN T E (MRARKRREET) LT B4
0 A — /MR F AR

19/38



o IR Zweg—H Laplace #& M HF :

0O 1 0 1 0 1 1 1 1
1 —4p 1 0 —45 O 1 =85 1
0 1 0 1 0 1 1 1 1

LR &35
20/38



4B [5 03z H

A=1B

A+ B

A-A

AB

AR&f(A)

AT

A

tr(A)

A* A= A7V (FRIR)

© 06 06 06 06 06 0 o o

21/38



45 % 04 AR 5

.

15; A= (a'ij)mxm B = (bij)m’xn’-
o ImE m=m/, n=n/, W A f= B £ B A 4E[F.

22/38



45 [ 04 4R 5

.

15; A= (a'ij)mxm B = (bij)m’xn’-
o ImE m=m/, n=n/, W A f= B £ B A 4E[F.
o MTRIALERE A B,

A=B& Qi = bij,Vi,j

22/38



45 [ 04 4R 5

.

15; A= (a'ij)mxm B = (bij)m’xn’-
o ImE m=m/, n=n/, W A f= B £ B A 4E[F.
o M TRIALERE A B,

A=B& Qi = bij,\V/’I:,j

(b3)-

o 17

S OO

0
0
0

o O O
o O O

S OO
\_/

22/38



FE [ 09 o k&

WA= (a5)mxn B= (bg)mxn-

23/38



FE [ 09 o k&

.

WA= (a5)mxn B= (bg)mxn-

o & A, BRA, N

A+ B 2 (aij + bij)mxn

23/38



FE [ 09 o k&

.

WA= (a5)mxn B= (bg)mxn-

o % A BRA, n

A+ B 2 (aij + bij)mxn

o M
o X#E: A+ B=B+ A
o A (A+B)+C=A+(B+0)

23/38



FE [ 09 o k&

.

WA= (a5)mxn B= (bg)mxn-

o % A BRA, n

A+ B 2 (aij + bij)mxn

o B
o X A+B=B+ A
o A (A+B)+C=A+(B+0)

o M4EME:
~A = (—ay)

23/38



FE [ 09 o k&

.

WA= (a5)mxn B= (bg)mxn-

o % A BRA, n

A
A+ B= (aij + bij)mxn

o B
o X A+B=B+ A
o A (A+B)+C=A+(B+0)

o MR R
—A = (—ay)
o EMEAE: A BRAA
A—BéA—I-(—B): (al—j— sz)
23/38



46 [ 69 F IR

.

‘Wn\ A = (aij)an.

24 /38



46 [ 69 F IR

.

‘Wn\ A = (aij)an.
Qo

A
AN = ()\azj’)mxn

24 /38



46 [ 69 F IR

.

‘Lﬂn; A= (aij)an.
° A
)\A = ()\aij)an
o M

o &M (M)A = \(uA)
o JEMEITHAGHEAE: N+ pu)A = A+ pA
o HOTLEMEMHELE: NA+ B)=A A+ B

24 /38



5 0y & MEIE H

stFRIRSEE A B Ao k|, A kA + B A4E% A, B 69 & iEH.

151
2 0 12
=(hs) =)

& Fn
KAAFEE AL 24 +5X — B= 0.

25/38



46 [0 IRk

.

WA= (a5)mxn B= (bg)mxn-

26/38



46 [0 IRk

A= (a;5)mxn B= (bij)mxw-
o 2R n=mn/, W

AB — (Cz] ai blj + ap b2j -+ ainbnj)mxn’

ciy B AW iiTE BMF e AR

26/38



FE %09 3 &

.

WA= (a5)mxn B= (bg)mxn-
o R n=m/, N

AB2 (cy = anbij+ aby+ -+ + anbyj)mxn
ci A AME (ITH B8F jIIRAR
o PE:
o T AXBM: AB A= BA THRIAF.

o &4 (AB)C= A(BQO)

o HFASEM LT e NAB) = (A\A)B = A(\D)

o HELE: A(B+ C)=AB+ AC, (B+ C)A=BA+ CA
o EA=AE=A

26/38



o fTEIE R P R — A

b1 :
b
(a1 az -~ ay) :2 = mb+ asby+ -+ anby = Y arly
) k=1
bn

27/38



o frERANTIMER—AH

by
b n

(a1 ap -+ ap) :2 :albl—l—agbg—i----—i—anbn:Zakbk
b.n k=1

o FIMERRANITOER—AMEERT (F]) AHbI8 7,

bl bl aq bl as - -+ bl apy,

bQ bg aq bz as -+ bg an,
(0,1 as - an) — . . .

b, b,a; bpas --- bya,

27/38



o frERANTIMER—AH

b1
b n

(a1 as --- an) :2 :albl+agbg+--~+anbn22akbk
b.n k=1

o FIMERRIAT O ER—AMEERIT (1) RILHIH .

bl bl aq b1 as - -- bl an
bQ bg aq b2 as - - b2 apy,
Nl a - a)=| " 7 .

b, b,a; bpas --- ba,

o AB #= BA TR IBA (ie TAF) . 27738



46 [ IR ik TN itk R IR

&l

K AB #= BA.
iz .

28/38



46 [ IR ik TN itk R IR

&l

K AB #= BA.
iz .

28/38



46 [ IR ik TN itk R IR

171

K AB #= BA.

fi& .
2 2 00
'AB::<—2 —2) 'BA“<0 0)
O

o AB#» BARA LAY A4 B EZRM 7%, {280 AB 4=
BA R AB +# BA.

28/38



46 [ IR ik TN itk R IR

171

K AB #= BA.
iz -

2 2 00
AB = (—2 —2) BA = (0 0)
O

o AB#= BARA Y HAXY A A= B RRBRM 7 F, 1284E AB 4=
BA RIA LT % AB+# BA.

o HAHL, FFAA n A% A B, % AB= BA, WA 7% A 4= B
AV R R0, 28/38



5B [ IR K TN K R

17
12 -1 3 —7 1
=) () ()

—5 5
AB:AC:(—m m)

1a

HA#OB+#C

20/38



5B [ IR K TN K R

17
12 -1 3 —7 1
=) () ()

~5 5
AB:AC:(—m m)

18

HA#OB+#C

o HEETRRZ. AB=AC. A+ 0=+ B=C
0o AB=0» A= 03 B= 0.

20/38



5B [ 09 FOR

.

o RAAnITHE, &XIEHFGR

A=A A A (KA A)

30/38



5B [ 09 FOR

.

o XA n T, 2 XIEENRE
AF=A A A (KA A)

o ARl — AkAl, (Ak)l — AM

30/38



5B [ 09 FOR

.

o XA n T, 2 XIEENRE
AF=A A A (KA A)

o ARl — AkAl, (Ak)l — AM
T Xk ?
o (AB)F = AFBF,
o (A+ B)?= A2+ 2AB+ B,
o (A+ B)(A—B)=A? - B,

30/38



5B [ 09 FOR

.

o XA n T, 2 XIEENRE
AF=A A A (KA A)

o ARl — AkAl, (Ak)l — AM

o % AB= BA &, T@¥F X m .
o (AB)F = AFBF,
o (A+ B)?= A2+ 2AB+ B,
o (A+ B)(A—B)=A? - B,

30/38



5 [ 04 B ok

.

19
bl bl
by by
A= : (al az an) A= (0,1 a2 a”) i
by bn
JEB AR = \i-14,

31/38



%6 % % I X,

.

o SEE LM F—LZ MK
o(7) = ap2" 4 ap 17" 4 - F az+ ag
M x -ATE A,
0(A) = a, A"+ 4, AV o A+ agE.

E: e A =F.

32/38



%6 % % I X,

.

o SEE SN F—LE AKX
o(z) = a2 + an 12" N+ izt ag
0z -ATGE A,
o(A) = a, A"+ ap 1 A" 4 -+ A+ g E.

E: A A"=F.
o &AM A =diag(\, -, \,), W

AF = diag(\F,--- ) \F),

©(N) = diag(w(M), -+ (An))- 12/38



FE[%E094E H

Q 4\ A= (ijj)an, E)L A éj]%ﬁ

AT 2 () nxm

1]
HH (AB)T, &+

DD

38738




b B Fa 3 AR HE %

.

o A AMARE o AT = A.
o A ARIARE & AT = —A.

151
K X=(z,2, - ,2,)7, XTX =1,

H=E—2XXT.

{EB] H AxtAr%, H HH' = E.
1B ;

34/38



77 %8947 71 X

o AA nHFME, WTULE AWMFFIX, Th detd X A

o M-
o |[AT] =14
o [A] = A" 4]

o |AB| =|A|-|B|
o |A+ B|# |A|l+ |B|

15
C4e A, B,CACMH 4, |Al =2,|B|=-3,|Cl =3, £ | -34AB7(|. }

35/38



77 % 69 1%

.

o A=(ay) A nMFHIE, AT trA BX AN HELE LA,
trd = a1 + a2 + - + app.

o M
o trAT =1trA
o tr(A) = A-trd
o tr(A+ B) =trA+trB

36/38



|A|
trd

© 06 06 06 06 0 o o

37/38



AB

AF&(A)

AT

A

trA

A* Ao ATY (FoR)

© 06 06 06 06 06 o0 o o

37/38



A b

o Pagey. 2; 3-(2 EE AN T R OY4ESE A FF); 5
o Pagess-Pagesy 1; 2; 3-(1,2,5); 4,6 ; 7, 8; 10
o Pagegs-Pagess 3-(2,4); 4; 5-(1); 7; 8; 11

38/38



R B 2] Fm i 12

*#17% (http://wulisu.cn)
Email: wulisu@sdust.edu.cn

2025 9 A 23 H


http://wulisu.cn
wulisu@sdust.edu.cn

(G



mERAE—2 HMA

vl [—]m = dh = e &R0 v2 m_] TFTF :} 1

B (a-b) A=A, REEEIES ab™ % —/~4E1% (abT = A). = % a,b #
TA%kTH a'h. A0, MR ARMKN GRS
X1 11 [*1 1 x Yy
[1 2 3]|x2| =2 |*2| = x; + 2x, + 3x; 2|[x y1=|2x 2y
X3 3] Ix3 3 3x 3y




FEMER AW E—2 ML A

.

o —NMNEERA—ANmER LA ERARGEE (Mvl) Ffo—
A 7S F e RS

U T | [Eh |

A HiTmERAME x 17289 Ax, AR Ax R AW T 840 & 48 A
RARBH REWHTIOE, FtAx RABIRRHAT

1 2], (x,+2x5) 1 2 X 1 2
Ax = |3 4] [(] = | Gy +4x2) ax=3 4|[ L] =x|3|+x |4
5 61 7% [(5x + 6xy) 5 6 5 6




9] & R VAKE [F—2 AL A

.

win) [ — = [k

LI
L]

N iTEE y RAA 85 6 133 8
YA RV EARA A EWITEOF,

1 Y2 ¥3]|3 = [(71+3y, +5y3)  (2y1 + 4y, + 6y5)]

yA

SN

w2 [ee -]ﬁ = o + o m— -+ o[
b
[—

FARYA AR 1718 40 51

n 21

5 el



5B [ RVAFE[F——4 N A

( TSRy v o

ENRFEATOERT @ F 8 5. Ax Ao Ay RA B3| @& o bk 2L A

o =

(x1+2x2) On1+2y2) 12 X1 V1] _ _
[3 4 [x; il Bxit4xz)  (3y1+4y2) [3 4 [Xz }’z] =Alx y]=[ax Ay]
(Gx1+6%,)  (5y1+6y2) > 6

L
==z M EE

bll blZ
T ARG I 0 — 1T A 2 — A AE PR AT 69 SR M 20 & [3 4] 12| = ay “21[ ]—a1b1+azbz
i 21 }’1 Sy
= = |azX
X:
[ J[2 72 azX

az

= l3J [b11 biz] +l4J [b21  bza] = [3b11 3blzJ +|4b21 4'bzzJ
5 6. 5b11 5Sbhyy 6by1  6byy




T s — 2k A a9ARE X,

P1

P2

123

Operations from the right act on the
columns of the matrix. This
expression can be seen as the three
linear combinations in the right in
one formula.
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Applying a diagonal matrix from the right

Applying a diagonal matrix from the left
scales each column.

scales each row.
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This pattern makes another combination of columns.
You will encounter this in differential /recurrence equations.
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A matrix is broken down to a sum of rank 1 matrices,
as in singular value/eigenvalue decomposition.
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